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ABSTRACT

For N - particle Schrodinger’s operator with Column potential with cen-
tral charge equal Z, it is well known estimation N < 27 + 1, obtained by
Lieb E. In the present paper the estimation obtained in case when there
is a different interaction between particles.
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1. Introduction

In the space Lo(R3N) consider
Hy =-A+W(z) (1)

an operator of interactions of arbitrary N 4+ 1 particles, where

N
W)=Y Vielw; —ap), z;€R’ (2)

k=0 j<k
and Vj, = Vi; when j =0,1,2,...,N, £=0,1,2,.., , N, A=A+ A+ -+
Ay, Aj-three dimensional Laplace operator,z = (x1, T2, ...,ZN) € RN P,
x; = (le, x?, x?) € R3. Let, Vi(zr) = Vor(zo — 2), kK = 1,2, ..., N. Further
put xg = 0.
Let

b
V(z) = (||;||), €R’ (3)

b(t) - is non-negative and non-decreasing function such that V' (2) monotonically
decreasing with increasing of |x| and b”(t) < 0.
Let

aj(a) =~ >0 (4)

identically non-zero functions uniformly bounded with respect to x € R3,
where j = 1,2,..., N. Moreover let
Vik(x
; = >0 5
BJ k (37) (l‘) = ( )
where (;1(x), also identically non-zero and uniformly bounded with respect to
z € R3, where j =1,2,...,N,k=1,2,..,.N

~—

<

Then above mentioned operator cn be represented as

N N k-1
Hy = - Zl(Aj +aj(z)V(x))) + ; Zlﬁjk(iﬁj —xp)V(r; —zr)  (6)

Let

01(04) = %(al(l'l) + Otg(xz) + -+ aN(xN),
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oa(k,B) = ﬁ Z,@jk(xj —x), k=1,2,...,N,

iZh
9 N k-1
o3(B8) = NN -1 ;;@‘k(w — zp).

Let En = En(Z) the least eigenvalue of Hy .

2. Main Results.

The following theorems are valid

Theorem 1. Let for the function V(z),x € R® inj #k, j=0,1,2,......
k=0,1,2,..., N the following relations hold

. 1
lim Sup 3 / Vik(lyl) ¢ dy = 0.
" le—yl<r

Then for any N > 2
En < En_1.

Theorem 2. Let there are Z > 0 and v > 0, both are independent from N,
such that

Oék(l‘k) g Z7 702(kaﬁ) 2 1; k= 17"'7N

uniformly with respect x;, x;, € R3,i=1,2,...N, k=1,2,...N.
Then there is a number Nypax such that for all N > Npax

En = EN,o-

Theorem 3.Let there are Z > 0 and v > 0, independent from N, such that

0'1(0[) < Za VUS(ﬂ) 2 1)

uniformly with respect to x;, x € R, i=1,..,N, k=1,..
Then

N.

e

Npax < 2972 + 1.
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3. Remark

In case of Coulomb’s potential i.e. when o; = Z, b =1, 8, = 1, theorems
1 and 2 proved by Ruskai M.B. (Cycon et al., 1987, Ruskai, 1982a,b) and Sigal
L.M.(Sigal, 1982, 1984). Theorem 3 in case of Coulomb’s potential proved by
Lieb E. (Lieb, 1984a,b,c). The case a; = 1, fji = 1 all these three theorems
proved by Alimov Sh.A. (Alimov, 1992). In (Khalmukhamedov and Kuchkarov,
2003), Khalmukhamedov A.R. and Kuchkarov E.I. obtained these results for
the operator

N

=3 (s ZED) 5 bl

= |41 niTen 1Tl

and in this case Lieb’s estimation has a form

2
Nmax < 7Z+ ]-7
bo

_ b (t)
where by = %I>1£ (bz(t))

4. Proof of the Main Results

Before proving Theorem 1 we prove some lemmas.

Lemma 1.There is a function w,(z) = w.(|z|) € C§(R®), r > 0, such
that:

3

1) supp wy,(z {x ER: |z| < r+1},wy(x) =C,r—2 when |z| <r—1,
=\/= +O
when r — o0;

2) [|lwrllLyrey = 1

3) Jim [Vl = 0.
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Proof of Lemma 1 Let

1
wit) = Co exp <_W) , when [t] <1
0 when [t| >1

~1
o0

where ¢y = ( i w(t)dt) is a normalizing constant. Consider a function of
—o00

the form
—+oo

wr(lz]) = crR~ / w(t — R)dt,
||
where, cr is a normalizing constant, which is determined from the condition
|w% (2)|| L, (r2) = 1. It is easy to verify that Rlim CR= /2.

—+00

Let us prove that this function satisfies all the requirements of Lemma 1.
In fact, let [#| < R—1. Then t — R > |z| — R > —1, hence wg(|z]) = cgR™2.
If |z] > R+1, then t — R > |z| — R > 1, therefore wg(|z|) = 0.

Next

3

Owr(|x]) _
V(o)) Z(‘Q')—éR%Mﬂdw
J

then if R — 400,

IVewr(@)|2, o) = AR l/ W (2| — R)dz = O(R™Y).

R—1<|z|<R+1

Lemma 1 is proved.

Lemma 2. Let the function Q(x) > 0, x € R®, satisfies the relations

1
lim ¢ sup — / Q(y)dy p = 0.
T=00 | zeR3 T

lz—y|<T
Then
lim ¢ sup — / Qy)w2(lyl)dy ¢ = 0.
T—>00 rER3 T
le—y|<r
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Lemma 2 follows directly from Lemma 1.
Proof of Theorem 1.
Let us prove the inequality Ey < En_1 for every N >

Consider an arbitrary function ¢ € C§°(R*N~?) such that ||¢||f,rsv-3) =
1. Let ¢¥(z) = ¢(Z)wr(xn), where z = (Z,zy) € R3N73 x R3. Obviously
¥ € Cg°(R®N), as well as||1)||, (gan) = 1; Moreover (Hy1,v) > E.

We have

(HN¢,¢) = (HN—1S07¢)(°JT’WT)+
+(—ANUJ7-,WT) — (aN(a:N)V(xN)wr,wr)—k

E

-1

N
+ Z /Bjk? j {L‘k)V((.Cj - xk?)wﬁwr)()o(i.)v 30(57)
k=1 j=1

where
N-1

Hy_y=-— Z(Aj + aj(x)V (7)) +
N—-1k— lj_

+ZZﬁgk zj —x)V(z; — xp)

k=1 j=1
- an operator for N — 1 particles.

Obviously
(Hy-16,9)(wr,wr) = (Hy-19,¢) 2 En—1.

Applying Lemma 2 obtain

(—ANwWr,wy) — (an(zn)V (zN)wr, wr )+

N k-1

+ DD Binlay —2)V(w; — zp)wr,wr) 9(3), 0(2)

k=1j=1
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=o(1)

since (—Aywy,w;) = [|Vw,(2)||*> = o(1) ,

(aN(CCN)V(CCN)wT,wT,) =
= /aN(xN)V(xN)wg(l'N)dl'N — 0(1)7

R3

o (2)|? /5]’16(1']' — xp)V(2; — ap)wi(zy)dey | dF

R3N-1

=o(1).

Consequently, in 7 — oo we have

(HNl)[}al)Z)) = (HN—NO,QD) + 0(1)

Thus

Ex = il (Hxt,0) < (Hy-1p,9) +o(1)

Hence

En < IIi]\ﬂ\f 1(HNS0,90) =FEn_1
Ap =

Theorem 1 is proved.

Proof of Theorem 2.

Note that if the inequality Exy < Exn_1 holds for some number N, then
the Theorem 2 follows directly from Theorem 1. To prove this inequality for
some number N we divide the space R3VN as follows. Fix a number p > 0 D,

1 _ _
§, 0<0< 5 ,and let d(x) 1g;ang |z ].

Let us introduce the following sets

Ay = {z € RN : lz;| < p, j=12,...,N},
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1
Ay ={z e RN : |z > (1 —6)d(x), d(z) > 55},
i=1,2,..N.
Let {J;}~, - a partition of unity with supp J; C A; such that

N 1

ANz
E [VJi(z)| 2 < 2 ;€ Ao,
i=0

N
> V@) ? < L TE Ay =1,
=0 p

=
8
S~—

where A - a constant. Existence of such a partition proved in (Cycon et al.,
1987). With such a partition an operator Hy can be represented in the follow-
ing way:

N
Hy = Jo(Hny — L(x))Jo + Z Ji(Hy — L(x))J;,

i=1

where N
L(z) =Y |VJi(z)| ?
i=0

called the localization error. This representation is known as IMS-localization
formula (Cycon et al., 1987). Let us now estimate the first term.

Jo(Hy — L)Jo >

N
= Jo (Z (=i + a;(z;)V (2 ))) Jo+

i=1
N k-1 N

+Jo Z Zﬁjk(%‘ —ap)V(z; —ax) — A 2 Jo.
k=1 j=1

Since oj(z;) < Z and for any € > 0 there is 6(¢) > 0 for an arbitrary
function ¢ € C§°(Ao):

(V(zj)p, ¢) < e(=Ap, )+ d(e)(p, p)
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then there exist a constant ¢ > 0 such that

N
Z (Aj + alz)V(zy)) | Jo
Jj=1

N N

=Y A= a(z) V() | Jo = eNZJj
j=1 j=1

Moreover, V (x;

— l'k)

V(2p), x; € Ap hence
N k-1
SN Biklay — )V (wy —ap) =
k=1j=1
N k-1
V(20) > Y Bjkla
k=1 j=1
N k-1
V(2
VRO - )Y oalk8) > L N 1),
k=1 j=1
Then, for large N

Jo(Hy — L(x))Jo =
2
> Jo (—CZN+ V(2p)

NN - 1) A

Jo(HN—L)JO >
> Jo ((—NC(ZH N -1

2 *)Vz(?p) - AN%) Jo

Denoted by Hz(\?—p where 7 # 0 , an operator

N

HY | = =Y (A + aj(z;)V(z)))+
j=1
e
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N k-1

+ZZﬁgk i — o)V — xp)

k=1j5=1
k,ji

For any x; € A;

A 1
+Ji Zﬁﬂ —SCZ‘ J—LEi)—d(m)pNE JIL
J?él
Clearl
o b(2d(x))
Viws —23) 2 =30
b(d
ey Yl
Then
Ji(Hy — L(x))J; >
> Ji (E flaid) Am)) Jit
||
Ji b(2d |IZ| Zﬂyz —x;) — 4 g |IZ| )| Ji

;e

Since b(x) a non-decreasing function, for x € A4;

bd(@) el _ b2d(@) ol 16,
20) Wwl)  bwd) 2d@) 02

and

Y Bjilwy —a) = 2(N = Doo(i, ) >

Jj=1,j#i

(N —1);
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| 1
d@p(a S 550

then
Ji(Hy — L(x))J; >

; 1— ANz
> g By, 4+ 22 |)(—Z+ (voni=d_ - J;.
| v b(+3%p) p

Thus, for large N, the inequality
En < En—
holds. Theorem 2 is proved.

Proof of Theorem 3.

Assume that Ey < En_7 and let H ]’i,_l the Hamiltonian of the system
without a particle xg, i.e., for any fixed k (1 < k < N)
H](V)I_A_ax] Vi(z, +Zﬁjk =) V(z; — )
J#k

Now let Hyf = Enf and (f, f) =1 . Then

0=V Yap)f,(Hy — En)f) =

= (V"N a)fo (HN -1 — En)f) = (V7 @) f, Awf) = (anlzn) f, f)+

Ya) £, Y Bin(r; — a) Vi(z; — zw) f).
JF#k
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Now taking into account the inequalities Hy_1 > En_1 > Ey and applying
Lemma 2 of (Cycon et al., 1987), we obtain

Naw)fy ) Binlay — @) Viey — 2i)f) < (an(@i)f, f).-
J#k

We sum these inequalities for k =1,2,..., N :

N
SV, Y Bikla; Viz; — ) f

k=1 j#k

N
< (Z ap(zk) f, f) ;
k=1

or equivalently

N N
STV @) LY Brilar — )V (wr — 2)f) < O _enlzi)f, f)-
k=1

Jj=1 k#j

Summing the last two inequalities and considering that

Brj(xr — x;)V(zp — x;) = Bjn(x; — xi)V(x; — xp)

obtain

N

S (V@) + V=) Vg — an) Bk — ) £, f)

k=1 j#k

<2 (Z Oék(.%‘k)f, f)

k=1

Hence, by the corollary to Lemma 3 in [1], we obtain

N
ZZ (Bjk(zj — zp) f, )<2<Zak($k)f>f>

k=1 j#£k k=1
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or

N

N
O Binlas —an)f, ) < O _aw(@r)f, f)

k=1j<k k=1

and because of (1) we have

N-—-1<2vZ

Theorem 3 is proved.
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